It is an open question whether there are Vassiliev invariants that can distinguish an oriented knot from its inverse, i.e., the knot with the opposite orientation. In this article, an example is given for a first order Vassiliev invariant that takes different values on a virtual knot and its inverse. The Vassiliev invariant is derived from the Conway polynomial for virtual knots. Furthermore, it is shown that the zeroth order Vassiliev invariant coming from the Conway polynomial cannot distinguish a virtual link from its inverse and that it vanishes for virtual knots.
Introduction
In [10] Kauffman defines virtual knot diagrams which are, in some sense, a natural extension of classical knot diagrams. Surprisingly, there can be found quite easily examples of virtual knots with properties that are unknown for classical knots, e.g., a knot with trivial Jones polynomial, see [10] .
In this article, Vassiliev invariants for virtual knots and links are investigated. They arise from the Conway polynomial for virtual links defined in [12] . It is shown that the lowest order coefficient of the Conway polynomial vanishes on virtual knots and, furthermore, that it is a zeroth order Vassiliev invariant for virtual links which cannot detect a change of orientation. In contrast, an example is given that the corresponding Vassiliev invariant of order one distinguishes a virtual knot from its inverse. For Vassiliev invariants of classical knots it is still unknown whether they are orientation-sensitive or not.
Virtual Links and Vassiliev Invariants
In the following, standard terminology from classical knot theory will be used and some definitions that can be extended to virtual links in the obvious way will not be given explicitly.
Definition A virtual link diagram is an oriented 4-valent planar graph embedded in the plane with appropriate orientations of edges and additional crossing information at each vertex (see Fig. 1 ). Denote the set of virtual link Ô Õ Ö positive negative virtual Though the notion of components of a virtual link, as in the previous definition, comes from the idea to image the virtual link in 3-space as if the virtual crossings were classical ones, a virtual link diagram does not correspond to an object in 3-space in the same way as in classical knot theory, see [12] for more details. Nevertheless there exist several geometric interpretations for virtual links, see [2] , [8] , [10] , [11] .
In the main part of this article, Vassiliev invariants for virtual links, as introduced in [10] (and not as in [5] ), will be investigated. For an introduction to classical Vassiliev theory, see [1] or [4] . 
can be defined where k chosen double points are replaced. The same notation is used when crossings instead of double points are chosen and replaced.
where D • denotes a diagram with a chosen double point and D + and D − its positive and negative resolution, respectively. v is said to be of order ≤ n if it vanishes on diagrams with more than n double points and it is said to be of (exact) order n if it is of order ≤ n but not of order ≤ n − 1.
Remark Let v denote an invariant of virtual links with values in an abelian group. v always can be extended to an invariant of singular virtual links by demanding that the Vassiliev relation is fulfilled. v is of order zero iff v(D + ) = v(D − ) holds for every virtual link diagram D and every crossing of
holds for every virtual link diagram D and every pair of crossings of D.
Conway Polynomial and its Coefficients
The Conway polynomial for virtual links is derived from the normalized Zpolynomial defined in [12] which is an adaption of the Conway polynomial for links in thickened surfaces that has been introduced by Jaeger, Kauffman, and Saleur in [7] . In the following, the construction of the Z-polynomial is recapitulated. Let D be a virtual link diagram with n ≥ 1 classical crossings c 1 , . . . , c n . Define gives a permutation of the set {1, . . . , n} × {l, r}. Let P denote the corresponding 2n × 2n permutation matrix where rows and columns are enumerated (1, l), (1, r), (2, l), (2, r), . . . , (n, l), (n, r), i.e., the (i, a)-th column of P is the (j, b)-th unit vector. Define Z D (x, y) := (−1) n det(M − P ) (observe that this yields the same polynomial as the definition in [12] ). If D has no classical crossings then Z D (x, y) := 0. See [12] for example calculations of Z D .
] is an invariant of virtual links up to multiplication by powers of x ±1 . To be more precise, Z is invariant with respect to all virtual Reidemeister moves except moves of type I. Creating an additional (classical) crossing by applying a Reidemeister move of type I yields a change of Z by a factor as shown in Fig. 7 . 
"up to powers of x = 1 − z", i.e., there exist integers k + , k − , k 0 such that
holds. Extend the Conway polynomial to singular virtual links via the Vassiliev relation.
When the classical Conway polynomial ∇ D (z) is extended to (classical) singular link diagrams by
then it can easily be seen that the coefficient
by the Conway skein relation. This does not work as easily for the Conway polynomial C D (y, z), see [13] . For the purpose of this article, it is enough to consider the Vassiliev invariants of orders zero and one which are easy to handle. Proof: Setting x := 1 in the definition of Z D gives: Proof: In the following, let c ε i with ε ∈ {+, −, 0} be an abbreviation for c i (D ε ) and likewise c ε 1 ε 2 i = c i (D ε 1 ε 2 ) for a given virtual link diagram D and crossings chosen.
Since c 0 = Z D (1, y) it is clear from Theorem 3 that c 0 is a Vassiliev invariant of order zero, i.e., c + 0 = c − 0 . For a virtual knot, c 0 vanishes by Theorem 6 and therefore a comparison of coefficients in the Conway skein relation
because c 0 is of order zero. This shows that c 1 is a Vassiliev invariant of order one.
Examples
Example In general, c 1 is not a Vassiliev invariant of order one for virtual links with more than one component. A counterexample is depicted in Fig.  8 . c 1 does not vanish for the singular virtual link diagram D shown in Fig.  8 though D has two double points: Example In contrast to c 0 , c 1 is orientation-sensitive. An example is depicted in Fig. 9 . Let D be the diagram with the orientation indicated in Fig Chirality is detected, too. Let D denote the mirror diagram of D, i.e., every classical crossing is changed from positive to negative and vice versa. Then Remark In the same way as for classical links, quantum invariants can be defined for virtual links, see [6] . It is well-known (and can be shown analogously for virtual links) that quantum invariants cannot detect a change of orientation (see [9] or [14] , for example) and therefore c 1 is a Vassiliev invariant of virtual knots which is not a function of quantum invariants. By a result of Graña ([6] ), this implies that c 1 neither is a function of quandle cocycle invariants as defined in [3] .
